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ON BERMAN-GIBBS STABILITY AND K-STABILITY
OF Q-FANO VARIETIES
KENTO FUJITA
Abstract. The notion of Berman-Gibbs stability was originally
introduced by Robert Berman for Q-Fano varieties X . We show
that the pair (X,−KX) is K-stable (resp. K-semistable) provided
that X is Berman-Gibbs stable (resp. semistable).
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1. Introduction
One of the most important problem for the study of Q-Fano varieties
X (i.e., projective log-terminal varieties with −KX ample Q-Cartier)
is to determine whether the pairs (X,−KX) are K-stable or not (for
the notion of K-stability, see Section 2.1). Recently, Robert Berman
introduced a new stability of X , which he calls Gibbs stability, and
its variants. The main purpose of this paper is to show that, slightly
modifying the definition (we rename it as Berman-Gibbs stability), it
implies the K-stability in Donaldson’s [Don02] and Tian’s [Tia97] sense.
In particular, by [CDS12a, CDS12b, CDS13, Tia12], it implies the ex-
istence of Ka¨hler-Einstein metric if X is smooth and the base field is
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the complex number field. We remark that Robert Berman showed in
[Ber13, Theorem 7.3] that strongly Gibbs stable Fano manifolds de-
fined over the complex number field admit Ka¨hler-Einstein metrics,
where the notion of strong Gibbs stability is stronger than the notion
of Berman-Gibbs stability. Now we define the notion of Berman-Gibbs
stability. (We remark that the notion of Berman-Gibbs stability is
slightly weaker than the notion of uniform Gibbs stability. For detail,
see [Ber13, Section 7].)
Definition 1.1. Let X be a projective variety and L be a globally
generated Cartier divisor on X . Set N := h0(X,OX(L)) and φ :=
φ|L| : X → P
N−1, where φ|L| is a morphism defined by the complete
linear system |L|. Consider the morphism Φ: XN → (PN−1)N defined
by the copies of φ, that is, Φ(x1, . . . , xN) := (φ(x1), . . . , φ(xN)) for
x1, . . . , xN ∈ X . Let DetN ⊂ (P
N−1)N be the divisor defined by the
equation det(xij)1≤i,j≤N = 0, where
(x11 : · · · : x1N ; · · · · · · ; xN1 : · · · : xNN )
are the multi-homogeneous coordinates of (PN−1)N . We set the divisor
DX,L ⊂ X
N defined by DX,L := Φ
∗DetN .
Remark 1.2. The divisorDX,L ⊂ X
N is defined uniquely byX and the
linear equivalence class of L. In particular, the definition is independent
of the choice of the basis of H0(X,OX(L)).
Definition 1.3 ([Ber13, (7.2)]). Let X be a Q-Fano variety. For k ∈
Z>0 with −kKX Cartier and globally generated, we set N := Nk :=
h0(X,OX(−kKX)) and Dk := DX,−kKX ⊂ X
N . Set
γ(X) := lim inf
k→∞
−kKX : Cartier
(
lct∆X
(
XN ,
1
k
Dk
))
,
where ∆X(≃ X) is the diagonal, that is,
∆X := {(x, . . . , x) ∈ X
N | x ∈ X} ⊂ XN ,
and lct∆X (X
N , (1/k)Dk) is the log-canonical threshold (see [Laz04, §9])
of the pair (XN , (1/k)Dk) around ∆X , that is,
lct∆X
(
XN ,
1
k
Dk
)
:= sup
{
c ∈ Q>0
∣∣∣ (XN , c
k
Dk
)
:
log-canonical
around ∆X
}
.
We say thatX is Berman-Gibbs stable (resp. Berman-Gibbs semistable)
if γ(X) > 1 (resp. γ(X) ≥ 1).
We show in this paper that Berman-Gibbs stability implies K-stability
for any Q-Fano variety. More precisely, we show the following:
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Theorem 1.4 (Main Theorem). Let X be a Q-Fano variety. If X
is Berman-Gibbs stable (resp. Berman-Gibbs semistable), then the pair
(X,−KX) is K-stable (resp. K-semistable).
Now we explain how this article is organized. In Section 2.1, we recall
the notion and basic properties of K-stability. In Section 2.2, we recall
the notion and basic properties of multiplier ideal sheaves, which is a
powerful tool to determine how much the singularities of given divisors
or given ideal sheaves are mild. In Section 3, we determine whether
the projective line P1 is Berman-Gibbs stable or not. We will see that
P1 is Berman-Gibbs semistable but is not Berman-Gibbs stable. In
Section 4, we prove the key propositions in order to prove Theorem
1.4. We will prove in Proposition 4.2 that Berman-Gibbs stability of
X implies that the singularity of a given certain ideal sheaf on X ×A1
is somewhat mild. The strategy of the proof of Proposition 4.2 is to see
their multiplier ideal sheaves in detail. In Section 5, we prove Theorem
1.4. By combining the results in [OS12], Proposition 4.2, and by some
numerical arguments, we can prove Theorem 1.4.
Acknowledgments. The author would like to thank Professor Robert
Berman and Doctor Yuji Odaka for his helpful comments. Especially,
Doctor Yuji Odaka informed him the interesting paper [Ber13] and Pro-
fessor Robert Berman pointed out Remark 5.2. The author is partially
supported by a JSPS Fellowship for Young Scientists.
Throughout this paper, we work in the category of algebraic (sepa-
rated and of finite type) scheme over a fixed algebraically closed field k
of characteristic zero. A variety means a reduced and irreducible alge-
braic scheme. For the theory of minimal model program, we refer the
readers to [KM98]; for the theory of multiplier ideal sheaves, we refer
the readers to [Laz04]. For varieties X1, . . . , XN , let pj :
∏
1≤i≤N Xi →
Xj be the j-th projection morphism for any 1 ≤ j ≤ N .
2. Preliminaries
In this section, we correct some definitions.
2.1. K-stability. We quickly recall the definition and basic proper-
ties of K-stability. For detail, for example, see [Odk13] and references
therein.
Definition 2.1 (see [Tia97, Don02, RT07, Odk13, LX14]). Let X be
a Q-Fano variety of dimension n.
(1) A flag ideal I is an ideal sheaf I ⊂ OX×A1t of the form
I = IM + IM−1t + · · ·+ I1t
M−1 + (tM) ⊂ OX×A1t ,
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where OX ⊃ I1 ⊃ · · · ⊃ IM is a sequence of coherent ideal
sheaves.
(2) Let I be a flag ideal and let s ∈ Q>0. A normal Q-semi test
configuration (B,L)/A1 of (X,−KX) obtained by I and s is
defined by the following datum:
• Π: B → X × A1 is the blowing up along I and let E be
the exceptional divisor, that is, OB(−E) := IOB,
• L := Π∗p∗1(−KX)− sE,
and we require the following conditions:
• B is normal and the morphism Π is not an isomorphism,
• L is semiample over A1.
(3) Let π : (B,L) → A1 be a normal Q-semi test configuration of
(X,−KX) obtained by I and s. For a sufficiently divisible
positive integer k, the multiplicative groupGm naturally acts on
(B,OB(kL)) and the morphism π is Gm-equivariant, where the
action Gm×A
1 → A1 is in a standard way (a, t) 7→ at. Let w(k)
be the total weight of the induced action on (π∗OB(kL))|{0} and
set Nk := h
0(X,OX(−kKX)). Then w(k)k
′Nk′ −w(k
′)kNk is a
polynomial in variables k and k′ for k, k′ sufficiently divisible
positive integers. Let DF(B,L) be its coefficient in kn+1k′n, and
is called the Donaldson-Futaki invariant of (B,L)/A1. We set
DF0 := 2((n+ 1)!)
2DF(B,L)/((−KX)
·n) for simplicity.
(4) The pair (X,−KX) is said to be K-stable (resp. K-semistable)
if DF(B,L) > 0 (resp. DF(B,L) ≥ 0) holds for any normal Q-
semi test configuration (B,L)/A1 of (X,−KX) obtained by I
and s.
The following is a fundamental result.
Theorem 2.2 ([OS12, Odk13]). Let X be a Q-Fano variety of dimen-
sion n, (B,L)/A1 be a normal Q-semi test configuration of (X,−KX)
obtained by I and s, and (B¯, L¯)/P1 be its natural compactification to
P1, that is, Π: B¯ → X × P1 be the blowing up along I and L¯ :=
Π∗p∗1(−KX)− sE on B¯. Then the following holds:
(1) For a sufficiently divisible positive integer k, we have
w(k) = χ(B¯,OB¯(kL¯))− χ(B¯,Π
∗p∗1OX(−kKX)) +O(k
n−1).
In particular, we have
lim
k→∞
w(k)
kNk
=
(L¯·n+1)
(n+ 1)((−KX)·n)
.
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(2) We have
DF0 =
n
n+ 1
(L¯·n+1) + (L¯·n ·KB¯/P1)
= −
1
n + 1
(L¯·n+1) + (L¯·n ·KB¯/X×P1 − sE).
(3) We have (L¯·n · E) > 0.
(4) If KB¯/X×P1 − sE ≥ 0, then DF0 > 0.
Proof. (1) and (2) follow from [Odk13, Proof of Theorem 3.2], (3) fol-
lows from [OS12, Lemma 4.5], and (4) follows from [OS12, Proposition
4.4]. 
2.2. Multiplier ideal sheaves. We recall the definition and basic
properties of multiplier ideal sheaves.
Definition 2.3. Let Y be a normal Q-Gorenstein variety, a1, . . . , al ⊂
OY be coherent ideal sheaves and c1, . . . , cl ∈ Q≥0. The multiplier ideal
sheaf I(Y, ac11 · · · a
cl
l ) ⊂ OY of the pair (Y, a
c1
1 · · ·a
cl
l ) is defined by the
following. Take a common log resolution µ : Yˆ → Y of a1, . . . al, i.e.,
Yˆ is smooth, aiOYˆ = OYˆ (−Fi) and Exc(µ), Exc(µ) +
∑
1≤i≤l Fi are
divisors with simple normal crossing supports. Then we set
I(Y, ac11 · · ·a
cl
l ) := µ∗OYˆ (⌈KYˆ /Y −
∑
1≤i≤l
ciFi⌉),
where ⌈KYˆ /Y −
∑
1≤i≤l ciFi⌉ is the smallest Z-divisor which contains
KYˆ /Y −
∑
1≤i≤l ciFi.
The following proposition can be proved essentially same as the
proofs in [Laz04, §9]. We omit the proof.
Proposition 2.4 (see [Laz04, §9]). We have the following:
(1) I(Y, ac11 · · · a
cl
l ) does not depend on the choice of µ.
(2) For an effective Cartier divisor D on Y , we have
I(Y,OY (−D)
1
a
c1
1 · · · a
cl
l ) = I(Y, a
c1
1 · · · a
cl
l )⊗OY (−D).
(3) If coherent ideal sheaves b1, . . . , bl ⊂ OY satisfy that ai ⊂ bi for
all 1 ≤ i ≤ l, then
I(Y, ac11 · · · a
cl
l ) ⊂ I(Y, b
c1
1 · · · b
cl
l ).
(4) Let Y ′ be another normal Q-Gorenstein variety, b1, . . . , bl′ ⊂
OY ′ be coherent ideal sheaves and c
′
1, . . . , c
′
l′ ∈ Q≥0. Then we
have
I(Y × Y ′, p−11 a
c1
1 · · · p
−1
1 a
cl
l · p
−1
2 b
c′
1
1 · · · p
−1
2 b
c′
l′
l′ )
= p−11 I(Y, a
c1
1 · · ·a
cl
l ) · p
−1
2 I(Y
′, b
c′1
1 · · · b
c′
l′
l′ ).
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The following theorem is a singular version of Mustat¸a˘’s summation
formula [Mus02, Corollary 1.4] due to Shunsuke Takagi.
Theorem 2.5 ([Tak06, Theorem 3.2]). Let Y be a normal Q-Gorenstein
variety, let a0, a1, . . . , al ⊂ OY be coherent ideal sheaves and let c0,
c ∈ Q≥0. Then we have
I
(
Y, ac00 ·
( l∑
i=1
ai
)c)
=
∑
c1+···+cl=c
c1,...,cl∈Q≥0
I
(
Y, ac00 ·
l∏
i=1
a
ci
i
)
.
3. The projective line case
In this section, we see whether the projective line P1 is Berman-
Gibbs stable or not. For any k ∈ Z>0, we have Nk = 2k + 1 and
the morphism associated to the complete linear system | − kKP1| is
the (2k)-th Veronese embedding P1 → P2k. If the multi-homogeneous
coordinates of (P1)2k+1 are denoted by
(t1,0 : t1,1; · · · ; t2k+1,0 : t2k+1,1),
then the divisor Dk ⊂ (P
1)2k+1 corresponds to the following section:
det


t2k1,0 t
2k−1
1,0 t
1
1,1 · · · t
1
1,0t
2k−1
1,1 t
2k
1,1
...
... · · ·
...
...
...
... · · ·
...
...
t2k2k+1,0 t
2k−1
2k+1,0t
1
2k+1,1 · · · t
1
2k+1,0t
2k−1
2k+1,1 t
2k
2k+1,1

 .
The above matrix is so-called the Vandermonde matrix. Thus, around
0 ∈ A2k+1u1,...,u2k+1 ⊂ (P
1)2k+1, the divisor Dk ⊂ A
2k+1
u1,...,u2k+1
is defined by
the polynomial fk ∈ k[u1, . . . , u2k+1], where
fk :=
∏
1≤i<j≤2k+1
(ui − uj).
By Lemma 3.1, lct0(A
2k+1, (fk = 0)) = 2/(2k + 1). Thus
lct∆
P1
((P1)N , (1/k)Dk) = 2k/(2k + 1).
Hence γ(P1) = 1. As a consequence, the projective line P1 is Berman-
Gibbs semistable but is not Berman-Gibbs stable.
Lemma 3.1 ([Mus06]). For g ≥ 2, we have
lct0
(
Agu1,...,ug ,
( ∏
1≤i<j≤g
(ui − uj) = 0
))
= 2/g.
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Proof. Set D := (
∏
1≤i<j≤g(ui − uj) = 0) ⊂ A
g. Let τ : V → Ag
be the blowing up along the line (u1 = · · · = ug) and let F be its
exceptional divisor. For c ∈ Q>0, the discrepancy a(F,A
g, cD) is equal
to g − 2− cg(g − 1)/2. Thus lct0(A
g, D) ≤ 2/g. Hence it is enough to
show that lct(Ag, D) ≥ 2/g.
Let Hij ⊂ A
g be the hyperplane defined by ui − uj = 0 and set
A := {Hij}1≤i,j≤g,i 6=j. We set
L(A) :=
{
W ⊂ Ag
∣∣∣ ∃A′ ⊂ A;W = ⋂
H∈A′
H
}
.
For W ∈ L(A), set s(W ) := #{H ∈ A |W ⊂ H} and r(W ) :=
codimAg W . By [Mus06, Corollary 0.3],
lct(Ag, D) = min
W∈L(A)\{Ag}
{
r(W )
s(W )
}
.
Pick any W ∈ L(A) \ {Ag} and set r := r(W ). It is enough to show
that s(W ) ≤ r(r + 1)/2. If r = 1, then s(W ) = 1. Thus we can
assume that r ≥ 2. There exist distinct Hi1j1 , . . . , Hirjr ∈ A such that
W = Hi1j1 ∩ · · · ∩Hirjr .
Assume that i1, j1 6∈ {i2, j2, . . . , ir, jr}. For any Hij ∈ L(A), if W ⊂
Hij then Hi1j1 = Hij or Hi2j2 ∩ · · · ∩ Hirjr ⊂ Hij . Thus s(W ) =
1+ s(Hi2j2 ∩ · · · ∩Hirjr) ≤ 1+ r(r− 1)/2 < r(r+1)/2 by induction on
r. Hence we can assume that (i0 :=)i1 = i2.
Assume that i0, j1, j2 6∈ {i3, j3, . . . , ir, jr}. For any Hij ∈ L(A), if
W ⊂ Hij then Hi0j1 ∩ Hi0j2 ⊂ Hij or Hi3j3 ∩ · · · ∩ Hirjr ⊂ Hij. Thus
s(W ) = s(Hi0j1∩Hi0j2)+s(Hi3j3∩· · ·∩Hirjr) ≤ 2·3/2+(r−1)(r−2)/2 <
r(r+1)/2 by induction on r. Hence we can assume that i3 ∈ {i0, j1, j2}.
If i3 = j1, then Hi0j1∩Hj1j3 = Hi0j1∩Hi0j3. By replacing Hj1j3 to Hi0j3,
we can assume that (i0 =)i1 = i2 = i3.
We repeat this process. (We note that, for any 1 ≤ j ≤ r − 1,
j(j + 1)/2 + (r − j)(r − j + 1)/2 < r(r + 1)/2.) We can assume that
(i0 =)i1 = · · · = ir. For any Hij ∈ L(A), the condition W ⊂ Hij
is equivalent to the condition {i, j} ⊂ {i0, j1, . . . , jr}. Thus s(W ) =
r(r + 1)/2. Therefore we have proved that s(W ) ≤ r(r + 1)/2. 
4. Key propositions
In this section, we see the key propositions in order to prove Theorem
1.4. Throughout the section, let X be a Q-Fano variety of dimension
n and let (B,L)/A1, I , s, and so on are as in Section 2.1.
Lemma 4.1. Let k be a sufficiently divisible positive integer.
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(1) (cf. [RT07, §3–4]) Set I0 := OX . We also set
I˜j :=
∑
j1+···+jks=j
0≤j1,...,jks≤M
Ij1 · · · Ijks
for all 0 ≤ j ≤ Mks. Then I ks = I˜Mks + I˜Mks−1t + · · · +
I˜1t
Mks−1 + (tMks). Consider the filtration
H0(X,OX(−kKX)) = F0 ⊃ F1 ⊃ · · · ⊃ FMks ⊃ 0
defined by Fj := H
0(X,OX(−kKX)·I˜j). Setm :=
∑Mks
j=1 dimFj.
Then m = NMks+ w holds, where w = w(k) and N = Nk are
as in Definition 2.1 (3).
(2) Let I˜i,j ⊂ OXi be the copies of I˜j ⊂ OX (Xi := X) for all
1 ≤ i ≤ N and set
Jj :=
∑
j1+···+jN=j
0≤j1,...,jN≤Mks
p−11 I˜1,j1 · · · p
−1
N I˜N,jN ⊂ OXN
for all 0 ≤ j ≤ NMks. Then OXN (−Dk) ⊂ Jm holds.
Proof. (1) By [RT07, §3–4], (π∗OB(kL))|{0} is equal to
H0(X × A1t ,O(−kKX×A1) ·I
ks)/t ·H0(X × A1t ,O(−kKX×A1) ·I
ks)
and is also equal to
FMks ⊕
Mks⊕
j=1
tj ·
(
FMks−j/FMks−j+1
)
.
Thus w =
∑Mks
j=1 (−j)(dimFMks−j − dimFMks−j+1) = −Mks dimF0 +∑Mks
j=1 dimFj. This implies that m = NMks + w.
(2) Choose a basis s1, . . . , sN ∈ H
0(X,OX(−kKX)) along the filtra-
tion {Fj}0≤j≤Mks. For 1 ≤ j ≤ N , set
f(j) := max{0 ≤ i ≤Mks | sj ∈ Fi}.
Let si1, . . . , siN ∈ H
0(Xi,OXi(−kKXi)) be the i-th copies of s1, . . . , sN
for all 1 ≤ i ≤ N . Then the divisor Dk ⊂ X
N corresponds to the
section ∑
σ∈SN
sgn σ · s1σ(1) · · · sNσ(N) ∈ H
0(XN ,OXN (−kKXN )),
where SN is the N -th symmetric group. Take any σ ∈ SN . Since
si,j ∈ p
−1
i I˜i,f(j), we have
s1σ(1) · · · sNσ(N) ∈ p
−1
1 I˜1,f(σ(1)) · · · p
−1
N I˜N,f(σ(N)).
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Note that
∑N
i=1 f(σ(i)) =
∑N
i=1 f(i) =
∑Mks
j=0 j(dimFj − dimFj+1) =
m, where FMks+1 := 0. Thus OXN (−Dk) ⊂ Jm. 
Proposition 4.2. Assume that a positive rational number γ ∈ Q>0
satisfies that, for a sufficiently divisible positive integer k, the pair
(XN , (γ/k)Dk) is log-canonical around ∆X . Then for any ε ∈ (0, 1)∩Q
and any sufficiently big positive integer P , the structure sheaf OX×A1
is contained in the sheaf
I
(
X × A1, (t)(1−ε)(1+γw/(kN))+P ·I (1−ε)γs
)
⊗OX×A1(P · (t = 0))
(that is, the pair (X × A1, (t)(1+γw/(kN)) ·I γs) is “sub-log-canonical”),
where w = w(k) and N = Nk are as in Definition 2.1 (3).
Proof. We set
Θ :=
{
~j = (j1, . . . , jN )
∣∣∣ j1+···+jN=m,0≤j1,...,jN≤Mks} ,
A :=
{
~α = (α~j)~j∈Θ
∣∣∣ ∑~j∈Θ α~j=(1−ε)γ/k,∀α~j∈Q≥0
}
,
B :=
{
~β = (β0, . . . , βMks)
∣∣∣ β0,...,βMks∈Q≥0,∑Mks
j=0 βj=(1−ε)γ/k
}
,
Ξ :=
{
~ξ = (ξ0, . . . , ξMks)
∣∣∣∣
ξ0,...,ξMks∈Q≥0,
∑Mks
j=0 ξj=(1−ε)γ/k,∑Mks
j=0 jξj≥(1−ε)γm/(kN)
}
for simplicity.
Claim 4.3. We have the equality
OX =
∑
~ξ∈Ξ
I
(
X,
Mks∏
i=0
I˜ξii
)
.
Proof of Claim 4.3. By Proposition 2.4, Theorem 2.5 and Lemma 4.1,
around ∆X , we have
OXN = I(X
N ,OXN (−Dk)
(1−ε)γ/k)
⊂ I(XN , J (1−ε)γ/km )
= I
(
XN ,
(∑
~j∈Θ
p−11 I˜1,j1 · · · p
−1
N I˜N,jN
)(1−ε)γ/k)
=
∑
~α∈A
I
(
XN ,
∏
~j∈Θ
(p−11 I˜1,j1 · · · p
−1
N I˜N,jN )
α~j
)
=
∑
~α∈A
p−11 I
(
X1,
∏
~j∈Θ
I˜
α~j
1,j1
)
· · · p−1N I
(
XN ,
∏
~j∈Θ
I˜
α~j
N,jN
)
.
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Restricts to ∆X , we have
OX =
∑
~α∈A
I
(
X,
∏
~j∈Θ
I˜
α~j
j1
)
· · · I
(
X,
∏
~j∈Θ
I˜
α~j
jN
)
.
Fix an arbitrary ~α ∈ A. Since
∑
~j∈Θ
α~jj1 + · · ·+
∑
~j∈Θ
α~jjN = (1− ε)γm/k,
we have
∑
~j∈Θ α~jjq ≥ (1− ε)γm/(kN) for some 1 ≤ q ≤ N . We set
ξi :=
∑
~j∈Θ; jq=i
α~j
for 0 ≤ i ≤Mks. Then ~ξ := (ξ0, . . . , ξMks) ∈ Ξ and
I
(
X,
∏
~j∈Θ
I˜
α~j
jq
)
= I
(
X,
Mks∏
i=0
I˜ξii
)
.
Therefore we have proved Claim 4.3. 
By Proposition 2.4 (4) and Claim 4.3, we have
OX×A1(−P · (t = 0)) =
∑
~ξ∈Ξ
I
(
X × A1, (t)1−ε+P ·
Mks∏
i=0
I˜ξii
)
.
For any ~ξ ∈ Ξ, since (1−ε)(1+γm/(kN))+P −
∑Mks
i=0 iξi ≤ 1−ε+P ,
we have
I
(
X × A1, (t)1−ε+P ·
Mks∏
i=0
I˜ξii
)
⊂ I
(
X × A1, (t)(1−ε)(1+γm/(kN))+P−
∑Mks
i=0 iξi ·
Mks∏
i=0
I˜ξii
)
.
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On the other hand, by Lemma 4.1 (1) and Theorem 2.5, we have
I
(
X × A1, (t)(1−ε)(1+γw/(kN))+P ·I (1−ε)γs
)
= I
(
X × A1, (t)(1−ε)(1−γ(Ms−m/(kN)))+P ·
(Mks∑
i=0
(t)Mks−iI˜i
)(1−ε)γ/k)
=
∑
~β∈B
I
(
X × A1, (t)(1−ε)(1−γ(Ms−m/(kN)))+P ·
Mks∏
i=0
(
(t)Mks−iI˜i
)βi)
=
∑
~β∈B
I
(
X × A1, (t)(1−ε)(1+γm/(kN))+P−
∑Mks
i=0 iβi ·
Mks∏
i=0
I˜βii
)
.
Since Ξ ⊂ B, we have proved Proposition 4.2. 
5. Proof of Theorem 1.4
In this section, we prove Theorem 1.4. Let X be a Q-Fano variety of
dimension n and set γ := γ(X). We assume that γ ≥ 1. Let (B,L)/A1
be a normal Q-semi test configuration of (X,−KX) obtained by I
and s and let E, B¯, L¯ and so on are as in Section 2.1. Let {Eλ}λ∈Λ be
the set of Π-exceptional prime divisors. We note that Λ 6= ∅ since the
morphism Π is not an isomorphism. We set∑
λ∈Λ
aλEλ := KB¯/X×P1 ,
∑
λ∈Λ
bλEλ := Π
∗X0 − Xˆ0,
∑
λ∈Λ
cλEλ := E
as in [OS12], where X0 is the fiber of p2 : X × P
1 → P1 at 0 ∈ P1
and Xˆ0 is the strict transform of X0 in B¯. We note that bλ, cλ ∈ Z>0
and aλ − bλ + 1 > 0 for any λ ∈ Λ since the pair (X × P
1, X0) is
purely-log-terminal. We set
d := max
λ∈Λ
{
γscλ − (aλ − bλ + 1)
γbλ
}
.
By Theorem 2.2 (4), we can assume that d > 0.
Claim 5.1. We have the inequality:
−(L¯·n+1)
(n+ 1)((−KX)·n)
≥ d.
12 KENTO FUJITA
Proof of Claim 5.1. For any sufficiently small positive rational numbers
ε and ε′, by Proposition 4.2, the coefficient of
KB¯/X×P1 − (1− ε)(1 + (γ − ε
′)w/(kN))Π∗X0 − (1− ε)(γ − ε
′)sE
at Eλ is strictly bigger than −1 for any λ ∈ Λ and for any sufficiently
divisible positive integer k. Thus, by Theorem 2.2 (1), we have
−1 ≤ aλ −
(
1− γ
−(L¯·n+1)
(n+ 1)((−KX)·n)
)
bλ − γscλ
for any λ ∈ Λ. Hence we have proved Claim 5.1. 
By Claim 5.1, we have the inequalities:
DF0 =
−(L¯·n+1)
n+ 1
+
(
L¯·n ·
∑
λ∈Λ
(aλ − scλ)Eλ
)
≥
(
L¯·n · dΠ∗X0 +
∑
λ∈Λ
(aλ − scλ)Eλ
)
= d(L¯·n · Xˆ0) +
(
L¯·n ·
∑
λ∈Λ
(dbλ + aλ − scλ)Eλ
)
≥
(
L¯·n ·
∑
λ∈Λ
(dbλ + aλ − scλ)Eλ
)
.
For any λ ∈ Λ,
dbλ + aλ − scλ ≥
1
γ
(γscλ − (aλ − bλ + 1)) + aλ − scλ
=
γ − 1
γ
(aλ − bλ + 1) + bλ − 1 ≥
γ − 1
γ
(aλ − bλ + 1)
holds. Hence
DF0 ≥
γ − 1
γ
(
L¯·n ·
∑
λ∈Λ
(aλ − bλ + 1)Eλ
)
.
By Theorem 2.2 (3), (L¯·n ·
∑
λ∈Λ(aλ− bλ+1)Eλ) > 0 holds. Therefore,
DF0 ≥ 0 holds. Moreover, if γ > 1, then DF0 > 0 holds.
As a consequence, we have proved Theorem 1.4.
Remark 5.2. Robert Berman pointed out to the author that there is
an analogy between the argument after Claim 5.1 and the argument in
[Ber12, Lemma 3.4]. In fact, the argument in [Ber12, Lemma 3.4] gives
the inequality
DF0
((−KX)·n)
≥
−(L¯·n+1)
(n + 1)((−KX)·n)
− d0,
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where
d0 := max
{
0, max
λ∈Λ
{
scλ − aλ
bλ
}}
.
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